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Spontaneous Supersymmetry Breaking Induced by Vacuum Condensates
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♮ Dipartimento di Ingegneria Industriale, Universita´ di Salerno, Fisciano (SA) - 84084, Italy
We propose a novel mechanism of spontaneous supersymmetry breaking which relies upon an
ubiquitous feature of Quantum Field Theory, vacuum condensates. Such condensates play a crucial
roˆle in many phenomena. Examples include Unruh effect, superconductors, particle mixing, and
quantum dissipative systems. We argue that in all these phenomena supersymmetry, when present,
is spontaneously broken. Evidence for our conjecture is given for the Wess–Zumino model, that can
be considered an approximation to the supersymmetric extensions of the above mentioned systems.
The magnitude of the effect is estimated for a recently proposed experimental setup based on an
optical lattice.
PACS numbers: 03.70.+k, 11.10.-z, 11.30.Pb
Supersymmetry (SUSY) is a hypothetical symmetry of
nature that has many nice aspects both from the purely
theoretical and from the phenomenological point of view.
It relates any boson to a fermion (called superpartner)
with the same mass and internal quantum numbers, and
vice-versa. Up to now, there is no direct evidence for
the existence of SUSY at a fundamental level because no
meaningful sign of the superpartners has ever been ob-
served. Therefore, SUSY must be a broken symmetry,
allowing for superparticles to be heavier than the corre-
sponding Standard Model particles, otherwise it must be
ruled out as a fundamental symmetry of nature. How-
ever, this does not prevent SUSY to be realized as an
emergent symmetry, e.g. in condensed matter systems,
a possibility which has been recently object of much at-
tention [1].
Motivated by the fact that SUSY is not experimen-
tally observed, intensive study has been devoted to the
analysis of the possibility of SUSY breaking. The first
proposals exhibiting spontaneous SUSY breaking were
given in [2, 3], while its dynamical breaking has been
first discussed in [4] (see [5] for a review).
In an apparently separated research line, a number of
specific physical problems, in which the existence of vac-
uum condensate plays a pivotal role, have been stud-
ied. A partial list of such phenomena includes exam-
ples from QFT in various external fields (Unruh effect
[6], Schwinger effect [7]), condensed matter physics (BCS
theory of superconductivity [8], graphene physics [9],
Thermo Field Dynamics [10]), particle physics and cos-
mology (neutrino [11, 12] and meson mixing [13, 14], dark
energy [15–17]), and the quantization of dissipative sys-
tems [18].
Despite the diversity of these phenomena, all of them
are characterized by the presence of vacuum conden-
sates. Such condensates can be effectively described by
using Bogoliubov transformations. The specific details of
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the mechanism that induces the condensates (arising ei-
ther by an external field or by the underlying dynamics),
are contained in the coefficients of such transformations,
whose form is otherwise universal (sligthly more compli-
cated is the case of particle mixing [19], in which one has
a Bogoliubov transformation nested in a rotation and the
mixing angle represents a further parameter of the the-
ory, but this complication has no effects on what we will
say).
In the present paper we show that these most inter-
esting issues, namely SUSY breaking and systems with
condensed vacua, are intimately bound together. In fact,
when the above listed phenomena are considered in a
supersymmetric context, vacuum condensates appear to
provide a new mechanism of spontaneous SUSY break-
ing. As already mentioned, the Bogoliubov transforma-
tions formalism describes Thermo Field Dynamics (TFD)
which is equivalent to the standard, thermal ensemble
based, description of finite temperature field theory (see
e.g. [20]). Since it is well known that SUSY is sponta-
neously broken at any nonzero temperature [20, 21], the
fact that the above listed phenomena are described by
exactly the same formalism as TFD implies that SUSY
is spontaneously broken in all these instances.
The setting we have in mind is the following. We start
by a situation in which SUSY is preserved at the classical
(lagrangian) level and study the vacuum condensation ef-
fects which are common to all the above phenomena. To
do that, we consider a Bogoliubov transformation act-
ing simultaneously and with the same parameters on the
bosonic and on the fermionic degrees of freedom in order
not to break SUSY explicitly. Therefore, it makes sense
to talk about its spontaneous breaking, and we conjec-
ture that this phenomenon does in fact take place. What
happens is that the presence of the condensates shifts the
vacuum energy density to a nonvanishing value. Since,
as well known (see e.g. the discussion in [4]), in any
field theory which has manifest supersymmetry at the
lagrangian level, a nonzero vacuum energy represents a
sufficient condition for the spontaneous breaking of SUSY
(as a simple consequence of the SUSY algebra), this im-
2plies that SUSY is spontaneously broken.
The above reasoning applies to all mentioned systems.
Since some of them are of great phenomenological inter-
est, they could be considered as good candidates for dis-
playing spontaneous SUSY (either fundamental or emer-
gent) breaking.
A first example of situation in which such a process
may happen has been studied in detail by the authors in
Ref.[19] (see also [22]) where it has been shown that a
SUSY breakdown is induced by particle mixing.
Here we give some evidence for our conjecture by per-
forming generic Bogoliubov transformations on a simple
example of supersymmetric field theory, the free Wess–
Zumino model, and showing that the resulting vacuum
has nonvanishing energy density. As remarked above,
this simple picture should give a good qualitative under-
standing of the vacuum of more complicated systems.
Before going on, we recall some basic facts about Bo-
goliubov transformations in QFT [23]. We treat the
bosonic case; the fermionic case will be considered when
the Wess–Zumino Lagrangian will be analyzed explicitly.
Consider a set of bosonic ladder operators ak. The
canonical commutation relations (CCRs) are: [ak, a
†
p] =
δ3(k − p) , with all other commutators vanishing. The
vacuum |0〉 is defined by ak|0〉 = 0, and a Fock space is
built out of it in the well known way. Such a space is an
irreducible representation of the algebra of the CCRs.
A Bogoliubov transformation has the form:
a˜k(ξ) = Uk ak − Vk a†k; (1)
with the requirement that it be canonical, i.e. it must
leave the CCRs invariant. This request translates in the
condition |Uk|2 − |Vk|2 = 1, which implies that the co-
efficients have the general form Uk = e
iφ1k cosh ξk and
Vk = e
iφ2k sinh ξk, where ξk is the transformation param-
eter. The phase factors are irrelevant in what follows, so
they can be discarded.
The transformation (1) can be rewritten in terms of
a generator J(ξ) as a˜k(ξ) = J
−1(ξ) ak J(ξ) , where J(ξ)
is given by J(ξ) = exp
[
i
2
∑
k ξk
(
a2k − (a†k)2
)]
, and has
the property J−1(ξ) = J(−ξ). The vacuum |0˜(ξ)〉 rel-
ative to the transformed operator a˜k(ξ) is defined by
a˜k(ξ)|0˜(ξ)〉 = 0 and is related to the vacuum |0〉 by
|0˜(ξ)〉 = J−1(ξ)|0〉 . This is a unitary operation if k as-
sumes a discrete range of values, which happens if there
is a finite or countable number of CCRs. If this is the
case, the Fock spaces built on the two vacua are equiva-
lent, that is, any vector in one space can be expressed in
terms of a well defined sum of vectors in the other space.
This is essentially the result of the well known Stone–
von Neumann theorem of Quantum Mechanics. But if
k assumes a continuous infinity of values, which is what
happens in QFT, we find
|0˜(ξ)〉 = exp
[
−δ(0)
∫
d3k log cosh ξk
]
× exp
[∫
d3k tanh ξk(a
†
k)
2
]
|0〉 , (2)
which is not a unitary transformation any more. This
shows explicitly that the vacuum |0˜(ξ)〉 cannot be ex-
pressed as a superposition of vectors in the Fock space
built over |0〉. The same is true for the whole Fock space
built over |0˜(ξ)〉, i.e. the two Fock spaces are unitarily
inequivalent. Each state of the family |0˜(ξ)〉 therefore
represents in principle a viable vacuum state for the the-
ory.
Let us now analyze the effects of a Bogoliubov transfor-
mation in the Wess–Zumino model [24]. This field theory
is described by the Lagrangian:
L = i
2
ψ¯γµ∂
µψ +
1
2
∂µS∂
µS +
1
2
∂µP∂
µP
− m
2
ψ¯ψ − m
2
2
(S2 + P 2), (3)
where ψ is a Majorana spinor field, S is a scalar field and
P is a pseudoscalar field. As well known, this Lagrangian
is invariant under supersymmetry transformations [24].
The fields are quantized by expanding them in modes:
ψ(x) =
2∑
r=1
∫
d3k
(2pi)
3
2
eikx
[
urkα
r
k(t) + v
r
−kα
r†
−k(t)
]
,(4)
S(x) =
∫
d3k
(2pi)
3
2
1√
2ωk
eikx
[
bk(t) + b
†
−k(t)
]
, (5)
P (x) =
∫
d3k
(2pi)
3
2
1√
2ωk
eikx
[
ck(t) + c
†
−k(t)
]
, (6)
where vrk = γ0C(u
r
k)
∗ and urk = γ0C(v
r
k)
∗ since ψ is
a Majorana spinor, αrk(t) = α
r
ke
−iωkt, bk(t) = bke
−iωkt,
ck(t) = cke
−iωkt and ωk =
√
k2 +m2. The vacuum |0〉 =
|0〉ψ ⊗ |0〉S ⊗ |0〉P is defined as the state annihilated by
the operators αrk, bk and ck.
We consider the following three sets of Bogoliubov
transformations acting on the ladder operators of the
fermion and of the bosons:
α˜rk(ξ, t) = U
ψ
k α
r
k(t) + V
ψ
−k α
r†
−k(t) ,
α˜
r†
−k(ξ, t) = U
ψ∗
−k α
r†
−k(t) + V
ψ∗
k α
r
k(t) , (7)
b˜k(η, t) = U
S
k bk(t)− V S−k b†−k(t) ,
b˜†−k(η, t) = U
S∗
−k b
†
−k(t)− V S∗k bk(t) , (8)
c˜k(η, t) = U
P
k ck(t)− V P−k c†−k(t) ,
c˜†−k(η, t) = U
P∗
−k c
†
−k(t)− V P∗k ck(t) , (9)
in which the Bogoliubov coefficients of scalar and pseu-
doscalar bosons are equal each other, USk = U
P
k and
3V Sk = V
P
k . We denote such quantities as U
B
k and V
B
k ,
respectively. The Bogoliubov coefficients of the fermions
satisfy the constraints Uψk = U
ψ
−k, V
ψ
k = −V ψ−k, |Uψk |2 +
|V ψk |2 = 1 , while the ones relative to the bosons satisfy
the conditions UBk = U
B
−k, V
B
k = V
B
−k, |UBk |2−|V Bk |2 = 1 ,
so they have the general form: Uψk = e
iφ1k cos ξk(ζ),
V
ψ
k = e
iφ2k sin ξk(ζ), U
B
k = e
iγ1k cosh ηk(ζ), V
B
k =
eiγ2k sinh ηk(ζ), respectively. Here ζ represents the rel-
evant parameter which controls the physics underlying
the Bogoliubov transformation. For example, ζ is the
temperature T in Thermo Field Dynamics case and ζ
is the acceleration of the observer in Unruh effect case;
moreover, as announced, since the phases φik, γik, with
i = 1, 2, are irrelevant, we neglect them.
The transformations (7)–(9) can be written at any time
t in terms of the generator J(ξ, η, t) as:
α˜rk(ξ, t) = J
−1(ξ, η, t)αrk(t)J(ξ, η, t) , (10)
and similar relations hold for the other annihilation
and creation operators; the generator is J(ξ, η, t) =
Jψ(ξ, t)JS(η, t)JP (η, t) , where
Jψ = exp
[
1
2
∫
d3k ξk(ζ)
(
αrk(t)α
r
−k(t)− αr†−k(t)αr†k (t)
)]
,
JS = exp
[
−i
∫
d3k ηk(ζ)
(
bk(t)b−k(t)− b†−k(t)b†k(t)
)]
,
JP = exp
[
−i
∫
d3k ηk(ζ)
(
ck(t)c−k(t)− c†−k(t)c†k(t)
)]
.
(11)
The vacuum annihilated by the new annihilators is
|0˜(t)〉 = |0˜(t)〉ψ ⊗ |0˜(t)〉S ⊗ |0˜(t)〉P , where the new
vacua for fermion and bosons fields |0˜(t)〉α, with α =
ψ, S, P , are related to the original ones |0〉α by the re-
lations |0˜(t)〉ψ = J−1ψ (ξ, t)|0〉ψ, |0˜(t)〉S = J−1S (η, t)|0〉S ,
|0˜(t)〉P = J−1P (η, t)|0〉P , respectively, and then
|0˜(t)〉 = J−1(ξ, η, t)|0〉 . (12)
The vacuum |0˜(t)〉 is the physical vacuum for the sys-
tems listed above studied in a supersymmetric contest
(the parameter ζ and the form of the Bogoliubov coef-
ficients specify the particular phenomenon). |0˜(t)〉 is a
condensate of couples of particles and antiparticles. This
can be seen explicitly by looking at the condensation den-
sities of fermions and bosons, which are given by
〈0˜(t)|αr†k αrk|0˜(t)〉 = |V ψk |2 ; (13)
〈0˜(t)|b†kbk|0˜(t)〉 = 〈0˜(t)|c†kck|0˜(t)〉 = |V Bk |2; (14)
where Eqs.(7)–(9) have been used. The results of
Eqs.(13) and (14) lead to an energy density different from
zero for this vacuum. Indeed, consider the free Hamil-
tonian H corresponding to the Lagrangian in Eq.(3),
H = Hψ + HB where HB = HS + HP . The expecta-
tion values of the fermion and boson Hamiltonians on
|0˜(t)〉 are given by
〈0˜(t)|Hψ |0˜(t)〉 =
=
∑
r
∫
d3kωk 〈0˜(t)|
(
α
r†
k α
r
k −
1
2
)
|0˜(t)〉
= −
∫
d3k ωk (1− 2|V ψk |2) , (15)
and
〈0˜(t)|HB |0˜(t)〉 =
∫
d3k ωk(1 + 2|V Bk |2) , (16)
respectively. Then combining Eqs.(15) and (16), we have
the final result
〈0˜(t)|H |0˜(t)〉 = 2
∫
d3k ωk(|V ψk |2 + |V Bk |2) , (17)
which is different from zero and positive, as we wanted
to show1.
As clear from the above, at the origin of this result
there are the fermionic and bosonic condensates which
both lift the vacuum energy by a positive amount, while
the bosonic and fermionic shifts should have opposite sign
(and equal amplitude) to make it be zero.
The clarification of some important points is now in or-
der. First, a free model like the one discussed above gives
only a rough approximation and captures only a part of
the physics, which nevertheless seems to be universal2.
The presence of the state |0〉, which can be misleading,
is in fact an artifact of the approximation. In realistic
systems this vacuum is unstable due to the dynamics (as
is well known for example to be the case in BCS the-
ory) or due to the presence of a supercritical field (in
the Schwinger effect case), or simply it is not accessi-
ble to the observer (Unruh effect). The phenomenon of
condensation takes place and the true vacuum is there-
fore the transformed one |0˜(t)〉. In the supersymmetric
context, this fact together with the nonvanishing energy
density of this vacuum implies the spontaneous breaking
of SUSY.
The scale at which the SUSY spontaneous breaking
occurs, which is related to the mass shift between each
1 Notice that, on the contrary, the expectation value of H on
the vacuum |0〉 is zero, 〈0|H|0〉 = 0, since the negative fermion
vacuum energy, 〈0|Hψ |0〉 = −
∫
d3kω
ψ
k
, is compensated by the
positive boson vacuum energy, 〈0|HB |0〉 =
∫
d
3
kω
B
k
, being
ω
ψ
k
= ωB
k
= ωk.
2 it is tempting here to make a comparison with the mean field ap-
proximation, which is rough and also not controllable, but gives
results which are universal, in the sense of being independent of
the underlying dynamics. The parallel is very strong in the case
of BCS theory, in which the mean field Hamiltonian is diagonal-
ized by means of a Bogoliubov transformation.
4particle and its superpartner, obviously depends on the
particular mechanism which triggers the condensation,
which as repeatedly emphasized is by itself very model
dependent.
The main result of this letter, Eq.(17), holds for dis-
parate physical phenomena. As remarked above, the ex-
plicit form of the Bogoliubov coefficients V ψk and V
B
k
specifies the particular system. For example, in the case
of the Unruh effect, the Bogoliubov coefficients that al-
low to express the Minkowski vacuum in terms of Rindler
states are V Bk =
√
1
e2piωk/a−1
and V ψ
k
=
√
1
e2piωk/a+1
.
Here a is the acceleration of the observer. For complete-
ness we show the relation between the two vacua in the
case of a single scalar field [25]:
|0〉M ∼ exp
(
1
2
∑
k
e−πωk/aa
†
Ra
†
L
)
|0〉R, (18)
where R and L refer to modes supported in the right and
left Rindler wedges respectively.
In subnuclear physics, an important instance of
SUSY breaking phenomenon is provided by particle
mixing [19]. In the case of mixing of two fields
with masses m1,m2 the Bogoliubov coefficients are
V
ψ
k =
(ωk,1+m1)−(ωk,2+m2)
2
√
ωk,1ωk,2(ωk,1+m1)(ωk,2+m2)
|k| , and V Bk =
1
2
(√
ωk,1
ωk,2
−
√
ωk,2
ωk,1
)
. For the relation between the fla-
vor vacuum and the free field vacuum see refs [11,
13]. In this case Eq.(17) is replaced by f 〈0|H |0〉f =
2 sin2 θ
∫
d3k (ωk,1+ωk,2) (|V ψk |2+ |V Bk |2) , where |0〉f is
the physical vacuum, called the flavor vacuum, θ is the
mixing angle and the sin2 θ factor is due to the additional
rotation involved.
In the already cited case of Thermo Field Dynamics,
the parameter ζ is the temperature. The finite tempera-
ture physics is described by a thermal vacuum, and one
just recovers the well known result that SUSY is sponta-
neously broken at any nonzero temperature [20, 21].
A possibility to test our conjecture with table top ex-
periments could be offered by forthcoming laser cooling
experiments. Indeed, recently an experiment was pro-
posed in which the Wess-Zumino model in 2 + 1 dimen-
sions can emerge from a mixture of cold atoms-molecules
trapped in two dimensional optical lattices [1]. In this
case SUSY is preserved at zero temperature and is broken
at T 6= 0. Then, a signature of SUSY breaking in such
a system can be probed experimentally, not only by the
detection of a thermal Goldstone fermion – the phonino,
as suggested in Ref.[1], but also by the detection of the
constant background noise due to the nonzero energy of
the thermal vacuum, given by (17), with V Bk =
√
1
eβωk−1
and V ψk =
√
1
eβωk+1
, where β is the inverse tempera-
ture (in units such that kB = 1). Considering a two-
dimensional optical lattice and a tuning of the parame-
ters such that the effective mass of the emerging fields is
zero, the vacuum energy density due to Eq.(17) is given
by < H >= 14 pi ζ(3)T 3.
Another very interesting issue to investigate in such
optical systems would be the possibility of inducing a
non thermal spontaneous breaking of SUSY by means of
a quantum phase transition.
Moreover, a system which can display SUSY break-
ing at cosmological scales is represented by curved space-
times which classically allow for the existence of global
SUSY [26], such as anti–deSitter space (see e.g. [27]).
Studying this situation in detail will be the purpose of
future work.
In conclusion, we have conjectured that in a supersym-
metric field theory spontaneous breaking of SUSY can be
a result of the presence of vacuum condensates. We have
given evidence for this conjecture in the simple case of
the free Wess–Zumino model, but the occurrence of vac-
uum condensates is very general, so we expect our result
to be generalizable to more complex and physically rel-
evant situations, in which actual breaking of SUSY can
occur.
The results here proposed could also have cosmologi-
cal implications. Indeed, the non-zero vacuum energy in-
duced by condensates which appear in different physical
phenomena could be related to the dark energy compo-
nent of the universe. Further analysis of these aspects
will be done in a forthcoming paper.
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